Constitutive equations for electrorheological (ER) fluids have been based on experimental results for steady shearing flows and constant electric fields. The fluids have been modeled as being rigid until a yield stress is reached. Additional stress is then proportional to the shear rate. Recent experimental results indicate that ER materials have a regime of solid-like response when deformed from a rest state. They behave in a viscoelastic-like manner under sinusoidal shearing and exhibit time-dependent response under sudden changes in shear rate or electric field. In this work, a constitutive theory for ER materials is presented which accounts for these recent experimental observations. The stress is given by a functional of the deformation gradient history and the electric field vector. Using the methods of continuum mechanics, a general three-dimensional constitutive equation is obtained. A sample constitutive equation is introduced which is then used to determine the response of an ER material for different shear histories. The calculated shear response is shown to be qualitatively similar to that observed experimentally.
Introduction
Much of the research and development work on electrorheological (ER) materials has been concerned with one-dimensional shearing deformations in the presence of an electric field. Even though an ER material is a suspension of electrically non-conducting particles in a non-conducting liquid, the response of an ER material in such deformations is usually described in terms of an equivalent single -constituent material. Thus, in steady one-dimensional shearing flows, which has been the subject of most studies, an ER material is generally regarded as a Bingham fluid whose yield stress and viscosity depend on the strength of the electric field. In this manner, yield stress and viscosity have become characteristic material properties of ER materials and much emphasis has been placed on their measurement.
The constitutive equations which have been proposed for ER fluids have been based on results for steady shearing flows, in which the constitutive equation takes the form of the scalar shear stress-shear rate relation for a Bingham fluid. For three dimensional flows, Atkin, Shi and Bullough [1] assumed the constitutive equation to be that for a Bingham fluid. This model is essentially obtained from the one -dimensional case by generalizing the scalar shear stress and shear rate to the stress and stretching tensors, respectively, and the yield stress to a stress dependent yield condition. Rajagopal and Wineman [2] adopted a completely different approach in the development of a constitutive equation for three dimensional flows. They assumed that the stress tensor depends on the electric field vector and stretching tensor, all at the same instant. Utilizing the methods of continuum mechanics, they developed a general form for this dependence. In the case of a simple shear flow, the constitutive equation gives the shear stress in terms of the shear rate and electric field. One particular choice of this relation can be that for a Bingham fluid. It also predicts the presence of normal stresses due to the electric field vector and the interaction between the electric field vector and the shear field.
Recent research has been concerned with the response of ER materials when sinusoidal shearing deformations have been imposed (see for example, Brooks ). According to the experimental results, when the strain amplitudes are sufficiently small, the shear stress is also sinusoidal and is out of phase with the strain. The stress is expressed in a manner analogous to that in linear viscoelasticity, that is, in terms of an elastic storage modulus (real part) and a loss modulus (imaginary part) of a complex modulus. These moduli appear to depend weakly on frequency and strongly on the electric field. Gamota and Filisko [8] have studied the effect of increasing the strain amplitude. They showed that the response becomes nonlinear in the sense that the stress response becomes non-sinusoidal, but remains periodic. Yen and Achorn [7] and Jordan and Shaw [10] report similar observations. Gamota and Filisko [8] also showed that nonlinearities arise in the stress response as the electric field increases. Gamota et al [11] , in a Fourier decomposition of the stress response, showed that the nonlinearities can be attributed to the superposition on the small strain response of sinusoidal oscillations whose frequencies are odd multiples of the fundamental frequency. The third 'overtone' appears when the electric field becomes sufficiently strong. Increasing the electric field introduces the fifth 'overtone', etc.
In linear viscoelasticity, the complex modulus which characterizes the response to sinusoidal strains can be related to time dependent phenomena associated with creep and stress relaxation. It is natural to inquire whether the same is true for ER materials. The first study of this possibility appears to be that of Xu and Liang [6] . In a study of start-up flows under constant shear strain rate, they showed that the shear stress grows rapidly and continuously to the steady state value that would occur under steady shear flow. The details of the stress growth history depend on the electric field. The stress growth is similar in form to that which would be found for viscoelastic fluids. Other authors have also presented evidence of transients in the stress response of ER materials, although
